
VOL. 2, NO. 7, JULY 1964 AIAA JOURNAL 1279

Experiments with a Solid-Propellant Acoustic Oscillator
JOHN F. ENGLER*

Lockheed Missiles and Space Company, Sunnyvale, Calif.
AND

WILLIAM NACHBARf
Stanford University, Stanford, Calif.

An end-burning, side-vented, solid-propellant motor has been developed to produce essen-
tially one-dimensional acoustic oscillations. With use of a transparent quartz tube con-
taining the propellant sample and serving as part of the combustion chamber during burn-
ing, direct measurement of unburnt length of propellant as a function of time is made with
a high frame-rate motion picture camera and a Vanguard analyzer. Statistical analysis of
the data shows that average burning rates can be determined to three significant figures with
this technique. A typical experiment is described in which the acoustic oscillations in pres-
sure, with frequencies of 1500 to 2000 cps and amplitude of 10 psi, are superposed upon a
slowly oscillating mean pressure of nominal value 200 psia. Observed frequencies were some
20% less than frequencies calculated by one-dimensional acoustic theory for the equivalent
closed-closed tube. Moreover, frequencies and amplitude of the oscillations were correlated
with slow oscillations of mean pressure, decreasing pressure tending to increase amplitude
and to decrease frequency. There was no measurable effect of the oscillations upon the aver-
age burning rate of the propellant.

Nomenclature

A = area, cm2

Ab = area of burning, cm2

b = linear burning rate, in./sec
b = average linear burning rate over web burning time
c = acoustic velocity, cm/sec
c* = characteristic velocity, cm/sec
CD = discharge coefficient
D = diameter, in.
/ = frequency, cps
Kn = Ab/At, area ratio
L = length, in.
M = mass flow, g/sec
p — pressure, atm
R2 = ideal gas constant, 82.059 atm-cm3/mole-°K
#3 = ideal gas constant, 8.3144 X 107 g (cm/sec)2/

mole-°K
T = gas temperature, °K
t = oscillograph time scale, sec
t* = film time scale, sec
W = molecular weight of total combustion products
7* = "shifting" gamma
0 = time scale correlation error, sec

= propellant density, g/cm3

see Eqs. (7) and (8)

S
t

= strand
= nozzle throat

X(7*)

Subscripts
c
F
h

N
P

"cold" end of gas cavity
film
"hot" end of gas cavity
initial (preignition)
nozzle plane
propellant
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Statistical nomenclature
j = integer index j = 0, . . . , N
h(t) = a "hypothesis" for 6(0
N = number of data points
p* = probability that a random F variable does not

exceed F*
tj = tj -f- 0
tj* — time at which unburnt propellant length is meas-

ured
Wj = Wj — V, deviations of measured film length from

least squares line
Wj = seeEq. (12d)
Xj == see Eq. (12a)
Yf = see Eq. f 12b)
Z3 = see Eq. (12c)
8LpF(to*) = measurement error at t* = t0*
fj. = mean of the distribution of Wj
o-2 = variance of the conditional distribution of w3- when

given —5LpF(tQ*)
a- = standard deviation of the conditional distribution

of Wj when given — 5LPX^>*)

Superscripts
A = estimate

1. Introduction

THIS paper describes some results obtained with an end-
burning, side-vented, solid-propellant motor designed to

produce essentially one-dimensional acoustic oscillations.
Other results are to be found in Ref. 1. The motor design
is similar to that first reported by Horton and Ryan,2 but
with a number of modifications. Data reported here con-
cern chiefly the burning rate during small-amplitude, self-
excited pressure oscillations, the frequency of these oscilla-
tions, and the effect of mean chamber pressure on frequency
and amplitude of oscillation.

An essential innovation in our experiments is the use of a
transparent quartz tube that contains the propellant sample
and serves as part of the combustion chamber during burning
(Fig. 1). Direct measurement of the unburnt length of the
propellant as a function of time is made with the use of a high
frame-rate motion picture camera (16-mm Millikan, 400



1280 J. F. ENGLER AND W. NACHBAR AIAA JOURNAL

37 MM ID BY 40 MM OD
QUARTZ TUBE

Fig. 1 Solid-propellant acoustic oscillator with transpar-
ent (quartz) combustion chamber.

frames/sec) and a Vanguard analyzer. A statistical analysis
of the data, described briefly here but in detail in Ref. 1,
shows that average burning rates can be determined to three
significant figures with this technique.

2. Description of Experiments
The acoustic oscillator (Fig. 1) consists of three separable

elements—the main body section, the hot-gas section, and the
cold-gas section. The main body section is machined from
4130 steel, has an over-all length of 4.25 in., and contains
two opposed nozzles machined from arc-cast molybdenum.
The mean chamber pressure is monitored by a Taber trans-
ducer connected to a pressure tap located in the plane of the
nozzles. This location was selected as it provides a means
for determining when the pressure node was at the nozzle
location.

The hot-gas section includes the transparent combustion
chamber and the end-burning solid-propellant grain. The
length of this section can be varied; however, for the experi-
ments conducted to date, the distance from the nozzle plane
to the end of the grain Lhi + Lpi (Fig. 2) was either 5.6 or
6.1 in. The grains all had a diameter of 1.5 in. and a length
of 1.0 in., giving a nominal burning time of 4 sec at an average
pressure of 210 psia. The transparent combustion chamber
is made of quartz with a nominal wall thickness of 1.5 mm
and an internal diameter of 37 mm. Standard commercial
quartz tubing proved to be an excellent structural material
and safely withstood chamber pressures to 500 psia and theo-
retical flame temperatures to 2800°K. Frequencies as high as
2000 cps and peak-to-peak pressure amplitudes of 15% of
the mean pressure had no observable effect on the structural
integrity and strength of the quartz.

The success of a test when using the transparent tubes de-
pends entirely on the nature of the contact of the propellant

NOZZLE PLANE N-
I

Fig. 2 Schematic diagram of acoustic oscillator.

grain with the wall of the quartz tube. There can be no in-
hibiting material on the side of the grain, for carbon deposits
would quickly smoke up the inside of the tube. However,
there must be absolutely no space between the propellant
and the walls, or else hot gases will ignite the unprotected
propellant.

The cold-gas section is a steel tube with a wall thickness of
0.18 in., closed at one end so that a pressure transducer
(water-cooled Kistler PZ-18) can be mounted facing the pro-
pellant grain with the transducer diaphragm flush with the
end wall. The length of this section can be adjusted, and
the distance Lc from nozzle plane to the face of the transducer
was varied from 0.80 to 6.48 in.

The igniter system consists of a small piece of propellant,
generally weighing 0.5 g, which is wrapped in a piece of un-
insulated manganin wire. This wire, in turn, is attached to
two pieces of small-diameter, insulated, copper wire that are
threaded through the nozzles and connected to a d.c. power
source. The acoustic oscillator is mounted in a vertical posi-
tion on the test stand so that the igniter can be suspended
over the center of the grain and approximately 0.5 in. away
from the surface. A grid of tungsten wires placed in front
of the propellant grain remains visible during the test and is
used as reference points to measure the regression rate of the
burning propellant.

The clock checks the over-all frame rate for each test, and
variations in the frame rate during a test can be checked by
using the timed light streaks that are placed on the film by an
internal circuit of the Millikan camera. Both the clock and
the light streaks are synchronous with the 60-cps power line
frequency. Time on the oscillograph record is indicated
by timing lines that are also synchronous with the 60-cps
power line frequency. Hence, the oscillograph time scale is
also a suitable time scale for a test run. The clock, camera,
and oscillograph are started just prior to the test, and a flash-
bulb, which is placed in parallel with the igniter circuit and
in view of the camera, fires when the igniter circuit is closed.
It is convenient, for comparing oscillation start-up char-
acteristics between different tests, to shift the actual time
scale uniformly for each test, so that t = 0 in the shifted
time scale is comparable to the actual time at which the first
indication of chamber pressure is observed on the oscillo-
graph. When reference is made to t in the following dis-
cussions, the shifted time scale appropriate for each test is
implied.

The frequency of pressure oscillation and the mean cham-
ber pressure are determined from the oscillograph record with
a probable error of 1%, and the peak-to-peak amplitude of
pressure oscillations is good within a probable error of 2%.

3. Data Reduction

In order to compare the measured frequencies of the
chamber pressure oscillations with theoretical frequencies
calculated from an acoustic theory, the gas cavity length
Lc + Lh(t) and the temperature distribution in time and in
space along the cavity must be known. The determinations
of Lh(t) is discussed in Sec. 4. The current method for deter-
mination of temperature and acoustic velocity from the data
will be discussed in this section.

For oscillation frequencies of the order of 103 cps, such as
those obtained in the current series of tests, it is assumed that
the chemical reactions in the propellant combustion products
are sufficiently fast that this mixture remains in chemical
equilibrium in the chamber even under oscillatory conditions.
The combustion products constitute the resident gas at least
in the propellant end of the chamber (Lh in Fig. 2) and in the
nozzle. (The current design of the chamber, unfortunately,
holds trapped air in the transducer end of the chamber during
burning.) Under this assumption of chemical equilibrium,
the instantaneous state of the combustion products can be
determined by thermochemical equilibrium calculations.
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Such calculations have been carried out1 for the propellant
formulation used which consists of 19% polyurethane, 80%
ammonium perchlorate, and 1% burning-rate catalyst. The
strand-test burning rate b$ was correlated by the equation

bs = 0.352p°-368 in./sec (1)
for p (psia) in the range 100 to 400 psia. These calculations
enable the acoustic velocity c to be determined from

c = (7*#37YTF)1/2(cm/sec) (2)
where 7* is the so-called "shifting" gamma, which is com-
puted as the partial derivative of the pressure with respect
to density at constant entropy.

The calculated equilibrium gas temperature of 2802°K
at a 200-psia chamber pressure is an upper bound on the gas
temperature in the chamber. Lower actual temperatures
are expected because the reaction products do not generally
achieve chemical and thermodynamic equilibrium, and also
because there are nonadiabatic effects, such as heat losses
to the walls. Since no thermocouples were used in these
tests to measure actual gas temperatures inside the chamber,
the gas temperature in the chamber at the nozzle plane was
calculated from measured values of the characteristic ex-
haust velocity c* as follows3:

c* = [(Rt/Rt)(pA,/M)] (cm/sec)

Under nonoscillatory conditions (steady flow),

M = pJ)Ab(g/sec)

c* = (Rz/Rz)p/pJ)Kn(cm/8ec)

(3)

(4)

(5)

where Kn = Ab/At. The actual slight deviation of Kn from
the value (Dp/2Dt)2 can be determined from examination of
the burnout portion of the pressure-time curve. If c* is
known, the temperature TN in the chamber at the nozzle
plane then can be calculated3

(°K) (6)

1)] t

Here x(7*) ig the function

X(T*) = 7*1/2[2/(7*

= 0.378 [1 + 0.67*] for (7* - I)2 « 1

(7)

(8)

Actual rather than stagnation quantities were used in Eqs.
(3, 5, and 6) because the Mach number of the flow in the
chamber was 0.01 or less.

The principal uncertainties in the use of Eq. (6) are the
values of CD (which are taken to be unity in the present work)
and of c*. One of the advantages of using the quartz tube
combustion chamber is that values of c* can be measured
directly during the test by means of the direct measurement
of 6.

4. Burning -Rate Measurement

A complete description of the behavior in the acoustic os-
cillator under dynamic conditions requires more experimental
information than can be reliably obtained from the chamber-
pressure vs time curve alone. If an essentially one-dimen-
sional flow is assumed, the mass flow of combustion products
from the propellant and the gas cavity length must be deter-
mined as functions of time. The instantaneous length Lc +
Lh of the gas cavity is the initial length of the cavity plus the
time integral of the regression rate of the burning surface of
the propellant. If the regression rate cannot be determined
accurately as a function of time, the instantaneous length of
unburnt propellant must be measured directly.

The mass flow from the propellant surface is given by Eq.
(4) . This equation assumes that there is no significant vari-
ation of b over the surface; however, Aj, could vary during
the test. Furthermore, b(t) may not be deter minable with
any assurance from the measured pressure-time curve. It

was surmised from examination of the burnout portion of the
pressure-time curves that the burning surface in the oscillator
was very nearly plane during the tests. Direct experimental
evidence of this condition was obtained from an interrupted
burning; the grain edges were sharp and well defined, and the
surface was flat.

The Vanguard analyzer allowed viewing of a single frame
under 15 X magnification; the image of the propellant
length on the ground-glass screen was 10% larger than actual
length. Measurements can be made between any two points
on the ground-glass screen with a maximum internal measure-
ment error of magnitude 0.0002 in. There are, however,
other sources of error more significant than the internal meas-
urement error. Thermal expansion of the film in the analyzer
will cause errors unless time is allowed for the film to reach
thermal equilibrium. Another source of errors is in the de-
termination of the position of the gas-solid "interface."
Trials of repeated measurement on the same frame were
performed to assess the total external measurement error.
It was concluded from these experiments that the maximum
total error, the sum of both internal and external errors,
was 0.0025 in. Ideally, the burning rate b(t) can be deter-
mined as the time derivative of the unburnt propellant length
Lp. Thus,

b(t) = -dLp/dt (9)

Since it is not possible to measure instantaneous burning
rate by using a finite number of measurements, the derivative
in Eq. (9) must be replaced by finite differences in a practical
calculation. This calculation is further complicated by the
presence of errors in the measurement of Lp. A statistical
method for determining b(t) from the observed data is now
described.

The strand-law burning rate bs(t) for a test is defined to
be the function calculated using the oscillograph record of
mean chamber pressure as a function of time and the strand-
test burning rate law [Eq. (1)], which gives burning rate
as a function of pressure. The time t in bs(t) is the time as
measured on the oscillograph, and bs(t) is defined only for the
web-burning time. _The average of bs(t) over the web burn-
ing time is called bs, the average strand-law burning rate.
The measured lengths of unburnt propellant will be a function
of time on the film time-scale. This "film length" is denoted
by LpF(t*). If the measurement of LpF(t0*) includes an
error of undetermined amount dLppfa*), the integral of Eq.
(9) can be written as

Lp(t) = LpF(t0*) - dLpF(t0*) - r b(r)dr
J to

to<t<tN (10)

A "strand-law length" LpS(t) can be defined in a similar way
as

LpS(f) = LPf(t0*) - f ' bs(r)dT U < t < t f f (11)
Jto

If the quantities Xj, Yj, Zj, W,- are denned for j = 0, . . . , N,

(12a)
(12b)

(12c)

then Eqs. (10) and (12) can be manipulated to give the fol-
lowing equation:

X, = LfS(tj) - LpF(ti*)
Y, = LpF(t»*) - LpF(tj*)
Z, = LpF(ti*) - Lp(ti)

i = -F.-+ f "&(r)dT
J t(,

(13)

The variable Zj is the error in measurement of unburnt pro-
pellant length from the film, but is not "observable." The
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Fig. 3 Deviations from least-squares line fitted to LPF,
tests 73-75.

variable Yj is directly observable from the film data; it
should be noted that F0 = 0. The variable X3- is also ob-
servable, but depends upon the function bs(t)'. The quantity
dLpF(to*) is a constant for a given test but varies from one
test to the next; it is an error in measurement independent
of Y,: Here, Z0 = dLpF(tQ*).

Equation (13) involves the correlation error 6 implicitly
in the limits of the integrals. If, for instance, b(t) were a
known function, then 6 would also have to be known in order
to compute Wj from Yj by Eq. (12). In the statistical
analysis given in detail in Ref. 4, 6 is considered as a param-
eter to be estimated in the hypothesis for b(t). A rough
computation in Ref. 1 showed, however, that, for the present
tests, 6 is small enough so that neglecting it will not affect the
results for b(t).

The problem of direct determination of b(t) from Eq. (9),
in which case LpF(t*) is used as an approximate measure of
Lp(t), is now replaced by another problem in which a function
h(t) is taken as a hypothesis for b(t). A probability p* (i.e.,
a number between zero and one) is to be obtained eventually
from the observed data and will determine the compatibility
of these data with the hypothesis b(t) = h(t). Small values
of p*, e.g., p* <0.05, are regarded as unfavorable to the
hypothesis, whereas larger values are regarded as tending to
confirm the hypothesis. The functional derivation of p*
from the data is developed from statistical theory. A reason-
able hypothesis for h(t) is the strand burning rate bs(t). A
more general hypothesis would be to assume that there is a
constant departure from bs(t) during the test, and also that
bs (t) may be shifted in phase from b(t).

The procedure to test the hypothesis b(t) = h(t) by deter-
mining p* is based fundamentally upon an a priori estimate
of the statistical distribution of the quantities Wj.

The following assumptions are made regarding Wji
1) Conditional upon the value of — 8LpF(to*), for any test

and for eachj, these quantities are independent and identically

distributed. This distribution differs from test to test only
by translations due to the different values of —5LpF(t0*) from
test to test.

2) Conditional only upon the value of 8Lpp(tQ*), the un-
known distribution is normal with unknown mean /z and un-
known variance cr2.

These assumptions regarding Wj follow reasonably from
the hypothesis that the Zj are independent errors of measure-
ment, identically distributed. They imply, moreover, that
cr2 can be determined from Eq. (13) for a special group of tests
in which b(t) has a known functional form, and that this deter-
mination will suffice for all tests. This special group will be
called the calibration tests for the oscillator.

5. Calibration by Nonoscillatory Tests

For calibration, a series of tests were made in which there
were no acoustic-frequency oscillations. To achieve non-
oscillatory operation while keeping all other significant
variables fixed, the length Lc was decreased so that the nozzle
plane was close to a pressure antinode for the fundamental
longitudinal acoustic mode. Tests 73-75 were conducted
under these identical conditions. Among these tests, the re-
sults on the oscillograph were indistinguishable.

For an ideally homogeneous propellant sample burning with
a constant area of burning, the actual rate of regression of
the visible edge of the surface during the web-burning por-
tion of the test should be a function of the chamber pressue
only, since all other parameters that affect this rate are
expected to be constant. The pressure-time curves in tests
73-75 were sufficiently flat that significant departures of the
measured burning rate from some constant value over the
web-burning portion of the pressure-time curve can pre-
sumably be attributed to errors of measurement. The as-
sumption is then made that

b(t) = 5 = const (14)
With reference to Eq. (13), therefore, the statistical model

chosen provides that the mean of the random variable Yj
for each j is the linear function &(£,-* — £0*) — M> where, as
previously noted, /* is the mean of the random variable Wj
and is assumed to be independent of j. This is the standard
linear regression model of statistical theory, and this theory
is used to obtain point estimates of JLI, 5, and <r2, and confi-
dence intervals for b. Details of this theory are discussed
in Ref. 4; it is sufficient to note here that the estimates of
M and b are obtained by applying least squares analysis to
Wj, which is the deviation of Wj from its mean:

Wi = Wj - M (15)
From Eqs. (13-15), Wj is assumed now to be represented as

= b(tj* - to*) - M - (16)
The results of the calculations for tests 73-75 are shown

by the curves in Fig. 3. For each of the tests, the computed
value of b is listed, together with the value of <7(5), which,
for each test, is an estimate of the accuracy of b as an esti-
mate of 5 for that test. From the small values obtained for
(7(6), it is seen that, in each test, 5 is estimated to within one
digit in the third decimal place or third significant figure.
Comparison of the estimate b from test to test shows that
the values obtained on each of the tests are also in agreement
to within one digit in the third significant figure. This last
comparison has no statistical relation, however, to the values
of &(b) and may in fact be fortuitous.

The values of b$ are computed as the average of bs over
the test (not as the value of bs corresponding to the average
chamber pressure). These three values follow the trend of
the average chamber pressure for each of the tests. The
differences between bs and b for the three tests are, respec-
tively, -0.00271, 0.00165, and -0.00310. These differences
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are considerably larger than d(b). They are also jnuch larger
than could be accounted for by the reflection in bs of experi-
mental errors in the determination of chamber pressure.

The values of Wj computed from Eq. (16), with M = M and
5 = 6, are shown as dots on the graphs in Fig. 3. An esti-
mate of the standard deviation of Wj is denoted by d(wj).
The average among the three tests of the values of <T(WJ)
is obtained from the least-squares line in 0.00483 in. It is
observed, however, that this value is much larger than the
expected maximum error in the measurement of LpF which
was found by experimentation to be about 0.0025 in.

Still another anomaly in these data arises upon visual
inspection of the distribution of the W,- about the zero line.
This distribution is equivalent to the distribution of Y, about^
the fitted line b(tj* — fo*) — fr. If the underlying assump-
tions are all correct, the occurrence of positive and negative
values of wt- should be random. However, points with the
same algebraic sign are seen to occur in long sequences, the
pattern of the sequences being different for each test. Fur-
thermore, if all assumptions previously made were true, then
another estimate d(w,) made from differences of successive
values of the Wj (see Fig. 3) should be about equal (see Ref.
4) to the estimate made from least-squares line for each test.
However, the average of the three values of the former esti-
mate was only 0.0029 in. much less than the 0.00483-in.
average of the least-squares estimates and much closer to
the expected value of <T(WJ).

6. Oscillatory Test Results

Information taken from the oscillograph record for a
typical oscillatory test, test 69, is shown in curves 1, 3, and
5 of Fig. 4. All data have been plotted against a common
and greatly reduced time scale so that the relationship be-
tween amplitude, frequency, and mean pressure can be seen
more readily. It should first be noted that low-amplitude
acoustic oscillations are associated with high frequencies
and high mean pressures. When the amplitude increases,
there is an accompanying decrease in frequency and mean
pressure. In addition, all increases in amplitude are logar-
ithmic with respect to time; however, a decrease in amplitude
does not show such a relationship.

Curve 2 in Fig. 4 represents the pressure-time curve that
would be observed for test 69 if the acoustic pressure oscilla-
tions were not present. This curve was constructed from
data from the nonoscillatory tests. The data were modified
to compensate for the slightly different burning area and pro-
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Fig. 5 Deviation from least-squares line fitted to L^F?
test 69.

pellant length, which were obtained in test 69. Curve 2 also
reflects a c* value of 4448 fps; this value was obtained from
an average of the data obtained from the three nonoscillatory
tests. A comparison of curve 1 in Fig. 4 with curve 2 shows
a marked effect on the mean chamber pressure at the start
of burning and a lesser though still significant effect through-
out the balance of the test. This effect appears to be well-
correlated with the amplitude of the acoustic frequency oscil-
lations shown on curve 5.

In order to calculate the acoustic velocity and the gas
cavity length for test 69 as functions of time, the relation
between mean pressure and mean burning rate under oscil-
latory conditions must be determined. Even though the
burning surface regression rate in the oscillator was found to
agree with the strand law to two significant figures for non-
oscillatory conditions (Sec. 5), it does not necessarily follow
that this similarity will be true for oscillatory condition. The
reduction and statistical analysis of the film data on LpF(t) for
test 69 was carried out by means of the procedure previously
described in Sec. 5 for the nonoscillatory tests. The values
of Wj computed from Eq. (16) with ju = jl and b = b are shown
as dots in Fig. 5.

The results for this test are seen to be indistinguishable
from the nonoscillatory test results shown in Fig. 3. Such
results may appear unexpected, since the pressure-time curve
1 of Fig. 4 shows an oscillation in chamber pressure of ap-
proximately 10 psi about the adjusted pressure-time curve
2 for nonoscillatory conditions. This oscillation could
have been expected to produce an oscillation of the actual
burning rate which, in turn, would be expected to show as
a roughly sinusoidal trend in the values of w3- for increasing
j (increasing time).

However, writing from Eq. (1) an expression for the change
A&s in bs caused by a small change in pressure Ap,

= 0.368(Ap/p) (17)

2.0 3.0 4.0
TIME (SEC)

Fig. 4 Curves showing data from test 69.

we find that, if Ap = 10 psi, p = 210 psi, and bs = 0.2463 are
taken from test 69 as typical, the result is A6S = 0.004316 in./
sec. Over one-quarter of a cycle, Abs will produce a variation
in Lp of 0.001079 in., and this variation is considerably less than
d(Wj). This low-frequency, low-amplitude oscillation in
pressure results, therefore, in an oscillation of the burning rate
that is too small to be detected by the present technique for
measuring Lp.

The solid line shown in Fig. 5 is the difference between
LpS and the least-squares line, b(t,* — Z0*) — At, which was
fitted to Lpp. This difference is calculated numerically as
Wj + Xj. Lines similarly calculated for the nonoscillatory
tests are shown in Fig. 3. The latter lines are essentially of
constant slope, reflecting a very small, constant difference
between b and bs. Some oscillation is shown by the LpS line
in Fig. 5, but, in view of the sizable values obtained for d(wj),
this oscillation is not regarded as significant.

It is concluded, therefore, that the actual instantaneous
burning rate in this test agreed with the strand-law prediction
to two significant figures. This result, for the quite small
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amplitudes of pressure oscillation that prevailed in the test,
is in agreement with the test results of Eisel.5

With use of the strand burning law, therefore, a theoretical
frequency curve can be constructed (Fig. 4, curve 4) for the
fundamental longitudinal acoustic mode of a closed-closed
tube, assuming that the gas is uniform throughout the tube.
Its shape is similar to the pressure-time curve, shown in
Fig. 4 (curve 1), since c* (and, consequently, gas tempera-
ture) is a function of pressure [see Eq. (5) ]. For time greater
than approximately 1 sec, the actual frequency (Fig. 4, curve
3) matches the theoretical frequency (Fig. 4, curve 4) in
shape, but is lower by approximately 20 or 25%.

One contributing factor to this difference in frequency is
that the gas temperature in the chamber is not uniform but is
considerably cooler at the end away from the propellant,
thus displacing the node toward that end. Consequently,
the tube can be considered to have an effective length some-
what longer than the actual length. The gas temperature
in the hot end can never be less than the average gas tem-
perature for the entire tube (as determined by the c* calcula-
tion) and can never be higher than the theoretical flame
temperature. Without exceeding these limits, curve 4 can
be adjusted downward to match the actual frequency curve
(3) from 1.0 sec after start to the end of the test. This ad-
justment assumes that the pressure node is shifted toward
the cold end and is placed at a point approximately one-
third the distance from the cold end. However, the fore-
going explanation is inadequate to account for the frequen-
cies that occur at the onset of the oscillations (before 1.0 sec
of test operation), and it is probable that these frequencies do
not represent a closed-closed acoustic mode of operation.

7. Conclusions Regarding Burning-Rate
Measurements

Experiments described in this report support the hypothesis
that the actual burning rate b(t) is equal to the strand-law
burning rate bs(t) to two significant figures, at least at the
low-amplitude levels of oscillatory burning observed in test
69. A surprising result, however, is the failure of the ob-
served Wj to satisfy the plausible assumptions that were
postulated in Sec. 4. This anomaly was not noticed at first
by the authors, but was subsequently considered. The first
approach to the statistical analysis of these data was to treat
the Wj as a data sample without regard to the sequence that
the data points follow in time. Considered as such, the
sample cumulative probability distribution for each test was
found to follow very closely the cumulative probability dis-
tribution for the normal distribution, and this close agree-
ment was misleading. The basis for the analysis presented
in this paper assumes that 1) for each value of j, each Wj is
a sample from a normally distributed population, and 2)
these values are uncorrelated in time. It is this second
assumption that has been directly refuted by the data
obtained from tests 73-75. Further, it is also possible that
the first assumption is untrue.

If the first assumption is false, it would imply that, in at
least one set of instruments and data recorders, the meas-
urements were affected by a nonrandom distribution of meas-
urement error. A typical example would be variation of the
frame rate of the Millikan camera during the course of the
test. However, all conceivable sources of such error have
been closely examined, and no physical basis has been found

for believing that there were any nonstochastic effects upon
the measurements or the recordings.

If the first assumption is true but the second false, then the
fault must lie with the assumption that b(t) is absolutely con-
stant during the calibration tests. It can be estimated from
Eqs. (1) and (17) that fluctuations of pressure below a noise
level of about 1% are utterly unable to account for the re-
quired variation of b(t) from constancy. The present best
guess is that nonhomogeneity of the propellant itself is the
major cause of the time correlation of Wj. The term "non-
homogeneity" means, for example, nonuniform dispersion
of the oxidizer or burning-rate modifier in the matrix and,
also, the presence of nonpalpable voids. Before all tests,
x-ray inspection of the grains was used to reject grains with
obvious defects.

A rough indication can be given of the magnitude of the
change in burning rate which could be due to nonhomo-
geneity and which would give rise to values similar to the
observed means of Wj. If it is supposed that the principal
component of the burning-rate spectrum of a nonhomogene-
ous propellant, burning at constant pressure, is a sinusoidally
oscillating increment of burning rate with amplitude A62 in./
sec, frequency /2 cps, and phase-angle 6, then, for the calibra-
tion test, the mean of Wj can be represented approximately
as follows:

A62 d)dr = [cos(27r/2r 'I (18)

If, from inspection of Fig. 3, /2 = 0.5 cps is chosen, and the
amplitude of the mean of Wj is taken as 4 X 10~3 in., then
A&2 is given approximately as

A62 = 27T/2-4-10-3 - 0.013 in./sec (19)
Thus A&2 is crudely estimated to be about 5% of b. This
figure is not greatly different from the variations of the
average burning rate in a strand-burner test for different
sections of a strand-test sample. The possibility of a 5%
fluctuation of the actual burning rate during a test at con-
stant pressure in the oscillator does not seem unreasonable.

During oscillatory burning, b(t) can probably be determined
more accurately by the statistical model described in Ref. 4.
However, this method requires that the distribution of W(t)
be known, and, probably because of the nonhomogeneity of
the propellant, this distribution could not be determined with
sufficient precision by our calibration tests. These results
point to the necessity for strict tolerances on propellant
nonhomogeneity if meaningful data are to be obtained.
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